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Linear sums of two composition operators of the multi-dimensional Fock space are studied.
We show that such an operator is bounded only when both composition operators in
the sum are bounded. So, cancelation phenomenon is not possible on the Fock space, in
contrast to what have been known on other well-known function spaces over the unit disk.
We also show the analogues for compactness and for membership in the Schatten classes.
For linear sums of more than two composition operators the investigation is left open.
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1. Introduction
During the last three decades composition operators have been extensively studied on various holomorphic function
spaces including the well-known Hardy, Bergman, and Bloch spaces, etc. The main subject in the study of composition
operators is to describe operator theoretic properties of composition operators in terms of function theoretic properties
of their inducing functions. Books by Cowen and MacCluer [3] and Shapiro [22] are good references for basic theory of
composition operators on the unit disk of the complex plane, or the unit ball of a multi-dimensional complex space.
Recently Carswell, MacCluer and Schuster [4] characterized boundedness, as well as compactness, of composition oper-
ators on the multi-dimensional Fock space (described below) and Guo and Keiji Izuchi [6] studied various other aspects of
composition operators on the one-dimensional Fock space. We refer to [6] for more references about some of recent pro-
gresses on wide variety of subjects in the study of composition operators. The purpose of this paper is to study boundedness
and compactness of linear sums of two composition operators acting on the multi-dimensional Fock space.
Let dμ be the normalized Gaussian measure on complex n-space Cn deﬁned by
dμ(z) := 1
(2π)n
e−
|z|2
2 dV (z), z ∈ Cn
where V denotes the volume measure on Cn; throughout the paper n denotes a ﬁxed positive integer. We also denote by
H(Cn) the class of all entire functions on Cn . The Fock space, denoted by F 2 = F 2(Cn), is then the space L2(μ) ∩ H(Cn).
Being considered as a closed subspace of L2(μ), the Fock space F 2 is a Hilbert space with norm ‖ ‖ and inner product 〈 , 〉
given by
‖ f ‖ :=
{ ∫
Cn
| f |2 dμ
}1/2
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〈 f , g〉 :=
∫
Cn
f g dμ
for f , g ∈ F 2. It is well known (see [2]) that the reproducing kernel function Kw at w ∈ Cn is given by
Kw(z) = e z·w2 , z,w ∈ Cn
where z · w =∑nj=1 z jw j denotes the Hermitian inner product of z = (z1, . . . , zn) and w = (w1, . . . ,wn) in Cn . So, we have
f (w) = 〈 f , Kw〉, w ∈ Cn
for f ∈ F 2. Applying this to f = Kw , we have ‖Kw‖ = Kw(w)1/2 = e |w|
2
4 .
It is an easy consequence of the Littlewood Subordination Principle that every holomorphic self-map of the unit disk
induces a bounded composition operator on the Hardy or Bergman space over the unit disk. Such boundedness is no longer
guaranteed on the Fock space. Roughly speaking, a characterization by Carswell, MacCluer and Schuster [4] asserts that a
composition operator on F 2 is bounded if and only if its inducing function is an aﬃne transformation satisfying certain
additional conditions.
To state explicitly the characterization obtained in [4], we need some notation. Given a holomorphic mapping
ϕ : Cn → Cn , we denote by Cϕ the composition operator on H(Cn) deﬁned by
Cϕ f = f ◦ ϕ
for f ∈ H(Cn). It is clear that Cϕ maps H(Cn) into itself. Also, given an n × n complex matrix A, we denote by ‖A‖ the
operator norm of the linear transformation A : Cn → Cn . We will freely identify a point (z1, . . . , zn) in Cn with n × 1 vector
(z1, . . . , zn)t .
Theorem 1.1. (See [4].) Let ϕ : Cn → Cn be a holomorphic mapping. Then the following statements hold:
(a) Cϕ is bounded on F 2 if and only if ϕ(z) = Az+ B for some n×n matrix A with ‖A‖ 1 and n× 1 vector B such that Aζ · B = 0
whenever ζ ∈ Cn and |Aζ | = |ζ |;
(b) Cϕ is compact on F 2 if and only if ϕ(z) = Az + B for some n × n matrix A with ‖A‖ < 1 and n × 1 vector B.
A subject to which more attention is paid in recent years is to study the difference of two composition operators, or
more generally linear sums of composition operators. Such a study was initiated by Berkson [1] and investigated more
thoroughly by Shapiro and Sundberg [21] on the Hardy space over the unit disk in connection with topological structure
of the space of composition operators. For a more recent result on the Hardy space, see [5,16,19]. In recent years the same
topics have been studied by several authors on various function spaces such as H∞ [7,8,11,17], the Bloch space [9,10,18],
and the Bergman space [12,15] over the unit disk.
In this paper we study boundedness and compactness of linear sums of two composition operators on the Fock space.
Among many other results in those studies mentioned in the preceding paragraph, a general phenomenon one might say
is that a difference (or a linear sum) of noncompact composition operators can be compact if “good” cancelation occurs at
points of “bad” boundary behavior of inducing functions; recall that boundedness in those cases (mentioned in the preceding
paragraph) is not an issue at all. The next theorem, which is our main result, shows that such cancelation phenomenon is
no longer possible on the Fock space.
Theorem 1.2. Let ϕ,ψ : Cn → Cn be holomorphic mappings and assume ϕ = ψ . Let a,b ∈ C, both nonzero. Then the following state-
ments hold:
(a) aCϕ + bCψ is bounded on F 2 if and only if both Cϕ and Cψ are bounded on F 2;
(b) aCϕ + bCψ is compact on F 2 if and only if both Cϕ and Cψ are compact on F 2 .
As an application we show that compactness and membership in the Schatten classes are the same for operators under
consideration and that non-cancelation phenomenon extends to Schatten class operators; see Corollary 3.2.
We do not know whether our results can be extended to linear sums of many composition operators.
2. Proofs
We begin with an observation on the lower estimate of the norm of linear sum of two kernel functions. We let
ρ(z,w) =
√
1− e− 14 |z−w|2
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ρ(z,w) ≈ |z − w|
1+ |z − w|
for z,w ∈ Cn .
Lemma 2.1. The inequality
∥∥aKz + bKw∥∥2  ρ2(z,w)(|a|2‖Kz‖2 + |b|2‖Kw‖2)
holds for all z,w ∈ Cn and a,b ∈ C.
Proof. Fix z,w ∈ Cn and a,b ∈ C. Then a straightforward calculation via the reproducing property yields
‖aKz + bKw‖2 = |a|2‖Kz‖2 + |b|2‖Kw‖2 + 2
[
abKz(w)
]
 |a|2‖Kz‖2 + |b|2‖Kw‖2 − 2|ab|
∣∣Kz(w)∣∣.
Meanwhile, since
∣∣Kz(w)∣∣= e( z·w2 )
= e 14 (|z|2+|w|2−|z−w|2)
= ‖Kz‖‖Kw‖
[
1− ρ2(z,w)],
we have
2|ab|∣∣Kz(w)∣∣ (|a|2‖Kz‖2 + |b|2‖Kw‖2)[1− ρ2(z,w)].
Combining these observations, we conclude the lemma. 
In what follows, given a bounded linear operator T on F 2, we denote by ‖T‖ the operator norm of T and by |||T ||| the
essential norm of T , i.e.,
|||T ||| = inf{‖T − L‖: L is compact on F 2}.
So, T is compact on F 2 if and only if |||T ||| = 0. We also denote by T ∗ the Hilbert space adjoint of T .
Lemma 2.2. Let ϕ,ψ : Cn → Cn be holomorphic mappings and a,b ∈ C. If T := aCϕ + bCψ is bounded on F 2 , then
sup
z∈Cn
ρ2
(
ϕ(z),ψ(z)
)( |a|2‖Kϕ(z)‖2 + |b|2‖Kψ(z)‖2
‖Kz‖2
)
 ‖T‖2
and
limsup
|z|→∞
ρ2
(
ϕ(z),ψ(z)
)( |a|2‖Kϕ(z)‖2 + |b|2‖Kψ(z)‖2
‖Kz‖2
)
 |||T |||2.
Proof. Let z ∈ Cn . Since CϕKw(z) = Kw(ϕ(z)) = Kϕ(z)(w), we have
C∗ϕKz(w) =
〈
C∗ϕKz, Kw
〉= 〈Kz,CϕKw〉 = Kϕ(z)(w)
for all w ∈ Cn . So, we have C∗ϕKz = Kϕ(z) . Now, since
T ∗Kz =
(
aC∗ϕ + bC∗ψ
)
Kz = aKϕ(z) + bKψ(z),
we have
∥∥T ∗∥∥ ‖T ∗Kz‖‖Kz‖ =
‖aKϕ(z) + bKψ(z)‖
‖Kz‖ .
Since a bounded linear operator and its adjoint have the same operator norms, the above, together with Lemma 2.1, proves
the ﬁrst part of the lemma.
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that kz → 0 weakly in F 2 as |z| → ∞ (see, for example, [20]). Since compact operators maps weakly convergent sequences
to norm-convergent ones, we see that Lkz → 0 in F 2 as |z| → ∞. We thus have∥∥T ∗ − L∥∥ limsup
|z|→∞
∥∥(T ∗ − L)kz∥∥
= limsup
|z|→∞
∥∥T ∗kz∥∥
= limsup
|z|→∞
‖aKϕ(z) + bKψ(z)‖
‖Kz‖ .
Since a bounded linear operator and its adjoint have the same essential norms, the above, together with Lemma 2.1 again,
proves the second part of the lemma. This completes the proof. 
We are now ready to prove Theorem 1.2. The proof will be completed in two steps. First, we characterize boundedness.
Proof of Theorem 1.2(a). Since the suﬃciency is trivial, we only need to prove the necessity. So, assume that T := aCϕ +bCψ
is bounded. In order to prove boundedness of both Cϕ and Cψ , we use Theorem 1.1(a).
Put Φ = ϕ − ψ . Since ϕ = ψ , the function Φ is not identically 0. By Lemma 2.2 we have
|a|2e |ϕ(z)|
2−|z|2
2 + |b|2e |ψ(z)|
2−|z|2
2  ‖T‖
2
1− e− |Φ(z)|24
(2.1)
for all z ∈ Cn . Notice that if |Φ(z)| < 2 for all z ∈ Cn , then Φ is a (constant) aﬃne transformation by Liouville’s Theorem.
Otherwise, let z ∈ Cn be a point such that |Φ(z)| 2. Then we have by (2.1)
|a|2e |ϕ(z)|
2−|z|2
2 + |b|2e |ψ(z)|
2−|z|2
2  2‖T‖.
Accordingly, we have
∣∣ϕ(z)∣∣ |z| + C1 and ∣∣ψ(z)∣∣ |z| + C2
and thus
∣∣Φ(z)∣∣ 2|z| + C1 + C2
for some positive constants C1 and C2 (depending on T ). Since this is true whenever |Φ(z)| 2, we obtain∣∣Φ(z)∣∣ 2|z| + C1 + C2 + 2
for all z ∈ Cn . Now, by the proof of [4, Theorem 1], this implies that Φ is an aﬃne transformation. That is, the map Φ can
be written as
Φ(z) = AΦ z + BΦ (2.2)
for some n × n matrix AΦ and n × 1 vector BΦ , not both zero.
We now assume n  2 for the rest of the proof; the case n = 1 is much simpler. Given z′ = (z1, . . . , zn−1) ∈ Cn−1, we
denote by Φz′ the slice mapping λ → Φ(z′, λ) for λ ∈ C. We deﬁne slice mappings ϕz′ and ψz′ similarly. Note that Φz′ is not
identically zero for almost every z′ , because Φ = 0. Fix such z′ . Then |Φz′ (λ)| is either a positive constant or of order |λ| as
|λ| → ∞ by (2.2). It follows from (2.1) that
|a|2e
|ϕz′ (λ)|2−|λ|2
2 + |b|2e
|ψz′ (λ)|2−|λ|2
2  C3‖T‖2e |z
′ |2
2
for some constant C3 > 0 and for all |λ| suﬃciently large and thus that∣∣ϕz′(λ)∣∣= O(|λ|) and ∣∣ψz′(λ)∣∣= O(|λ|) (2.3)
for all λ ∈ C. Consequently, for almost every z′ and thus for every z′ , all the component functions of ϕz′ and ψz′ are at
most linear polynomials. Said differently, all the component functions of ϕ and ψ are at most linear polynomials in the last
variable, when the ﬁrst (n − 1) variables are ﬁxed. Similarly, we see that all the component functions of ϕ and ψ are at
most linear polynomials in each variable separately, when the other variables are ﬁxed.
Fix j = 1, . . . ,n and let ϕ j be the j-th component function of ϕ . Since ϕ j is at most a linear polynomial in each variable
separately, it must be a polynomial (of degree at most n). We claim that ϕ j itself is at most a linear polynomial. To see that,
let s be the degree of ϕ j . Then there exists some ξ ∈ Cn with |ξ | = 1 such that λ → ϕ j(λξ) is a one-variable polynomial of
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positive constant or of order |λ| as |λ| → ∞ by (2.2). It follows from (2.1) that
∣∣ϕ j(λξ)∣∣ ∣∣ϕ(λξ)∣∣= O(|λ|),
which implies s 1, as claimed. Now, since each component function of ϕ is at most a linear polynomial, we see that ϕ is
an aﬃne transformation. The same is true for ψ .
So far we have shown that ϕ and ψ are of the form
ϕ(z) = A1z + B1 and ψ(z) = A2z + B2
where A j is an n × n matrix and B j is an n × 1 vector for j = 1,2. We now show that operator norm of A1 is at most 1;
the proof for A2 is similar.
Suppose that |A1η| > 1 for some η ∈ Cn with |η| = 1. By continuity we may extend the inequality |A1η| > 1 for arbitrary
η contained in some relative open set in the unit sphere of Cn . So we may also assume that Φ(η) = 0. Once more, note that
|Φ(λη)| is either a positive constant or of order |λ| as |λ| → ∞ by (2.2). Thus we have by (2.1)
1 limsup
|λ|→∞
|ϕ(λη)|
|λ| = limsup|λ|→∞
|λA1η + B1|
|λ| = |A1η|,
which is a contradiction. This contradiction yields ‖A1‖ 1, as asserted.
Finally, in order to complete the proof, we assume |A1ζ | = 1 for some ζ ∈ Cn with |ζ | = 1 and show A1ζ · B1 = 0; the
proof for A2 and B2 is similar. We may assume
A1ζ · B1 = |A1ζ · B1|, (2.4)
after multiplying ζ by some unimodular complex number if needed. We split the proof into two cases.
Case 1. A1ζ = A2ζ or B1 = B2.
In case A1ζ = A2ζ , we have AΦζ = (A1 − A2)ζ = 0 and thus |Φ(tζ )| → ∞ as t → ∞. In case A1ζ = A2ζ and B1 = B2,
we have Φ(tζ ) = B1 − B2 = 0 and thus |Φ(tζ )| is a positive constant for all t real. It follows from (2.1) that∣∣ϕ(tζ )∣∣2  t2 + C4 (2.5)
for some constant C4 > 0 and for all t > 0 suﬃciently large. Meanwhile, since |A1ζ | = 1, a straightforward calculation,
together with (2.4), yields
∣∣ϕ(tζ )∣∣2 = |t A1ζ + B1|2 = t2 + 2t|A1ζ · B1| + |B1|2 (2.6)
for all t > 0. Inserting this into (2.5), we obtain A1ζ · B1 = 0, as desired. This completes the proof for Case 1.
Case 2. A1ζ = A2ζ and B1 = B2.
Since BΦ = B1 − B2 = 0, we see that AΦ = A1 − A2 is a nonzero matrix and thus that (ker AΦ)⊥ is not trivial. So, we
may choose ω ∈ (ker AΦ)⊥ with |ω| = 1. Since ζ ∈ ker AΦ , we have ω ⊥ ζ . We may further assume
A1ζ · A1ω = |A1ζ · A1ω|i (2.7)
where i = √−1, after multiplying ω by some unimodular complex number if needed.
Note that we have
∣∣Φ(tζ + ω)∣∣2 = |AΦω|2 > 0 (2.8)
for all t real. Thus, applying (2.1) with z = tζ + ω, we see that
∣∣ϕ(tζ + ω)∣∣2  |tζ + ω|2 + C5 = t2 + 1+ C5 (2.9)
for some constant C5 > 0 and for all t > 0 suﬃciently large. We now compute the left-hand side of the above inequality.
Note that we have by (2.4) and (2.7)
∣∣A1(tζ + ω)∣∣2 = t2 + |A1ω|2
and
[A1(tζ + ω) · B1 ]= t|A1ζ · B1| + (A1ω · B1 ).
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∣∣ϕ(tζ + ω)∣∣2 = ∣∣A1(tζ + ω)∣∣2 + 2[A1(tζ + ω) · B1 ]+ |B1|2
= t2 + 2t|A1ζ · B1| +
∣∣ϕ(ω)∣∣2 (2.10)
for all t real. So, inserting this into (2.9), we conclude A1ζ · B1 = 0, as desired. This completes the proof for Case 2 and the
proof of the theorem. 
We now complete the proof of Theorem 1.2 by characterizing compactness.
Proof of Theorem 1.2(b). Since the suﬃciency is trivial, we only need to prove the necessity. So, assume that T :=
aCϕ + bCψ is compact. In order to prove compactness of both Cϕ and Cψ , we use Theorem 1.1(b). We continue using
notation introduced in the proof of Theorem 1.2(a). We will complete the proof by showing that ‖A1‖ < 1 and ‖A2‖ < 1.
We provide below a proof for ‖A1‖ < 1; the proof for ‖A2‖ < 1 is similar.
Note that we have by Lemma 2.2
lim|z|→∞
(
1− e− |Φ(z)|
2
4
)
e
|ϕ(z)|2−|z|2
2 = 0. (2.11)
From this we will derive ‖A1‖ < 1. To reach a contradiction, assume |A1ζ | = 1 for some ζ ∈ Cn with |ζ | = 1. We may further
assume (2.4).
First, consider the case where A1ζ = A2ζ or B1 = B2. In this case the proof for Case 1 in the proof of Theorem 1.2(a)
shows that either |Φ(tζ )| is a positive constant for all t real, or |Φ(tζ )| → ∞ as t → ∞. Thus |Φ(tζ )|1+|Φ(tζ )| converges to some
positive number as t → ∞. So, we have by (2.11)
lim
t→∞
(∣∣ϕ(tζ )∣∣2 − t2)= −∞,
which is impossible by (2.6).
Next, consider the case where A1ζ = A2ζ and B1 = B2. The proof for Case 2 in the proof of Theorem 1.2(a) shows that
there is some ω ∈ (ker AΦ)⊥ satisfying |ω| = 1 and (2.7). Then |Φ(tζ + ω)|, t real, is a positive constant by (2.8). So, we
have by (2.11)
lim
t→∞
(∣∣ϕ(tζ + ω)∣∣2 − t2 − 1)= −∞,
which is also impossible by (2.10). This completes the proof. 
3. An application and remarks
As an application of our characterization for compactness, we proceed to characterize linear sums of two composition
operators that belong to the Schatten classes.
Let us brieﬂy recall the notion of Schatten class operators. A positive compact operator T on F 2 is said to belong to the
trace class if
tr(T ) :=
∑
β
〈T eβ, eβ〉 < ∞
for some orthonormal basis {eβ} of F 2. As is well known, the sum above, called the trace of T , is independent of choice
of {eβ}. For 0 < p < ∞ and a general compact operator T on F 2, not necessarily positive, we say that T ∈ Sp , the Schatten
p-class, if (T T ∗)p/2 belongs to the trace class. It is known that the Schatten p-class gets smaller, as p decreases. We refer
to [24, Chapter 1] for more information on the Schatten classes.
In the setting of the weighted Bergman spaces over the unit disk, Schatten p-class composition operators were charac-
terized by Lucking and Zhu [14] in terms of Lp-integrability (with respect to the Möbius invariant measure) of Nevanlinna
type counting functions associated with inducing functions. Also, see [13,23] for characterizations, but for the restricted
rage 2 p < ∞ and for certain restricted types of inducing functions, in terms of Lp-integrability with inducing functions
directly involved.
Unlike the case of the unit disk, Proposition 3.1 below shows that notions of compactness and membership in the
Schatten classes do not distinguish composition operators, which is another Fock-space phenomenon. Our proof relies on
the trace formula
tr(T ) =
∫
n
〈T Kz, Kz〉dμ(z)
C
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setting of the weighted Bergman spaces over the unit disk.
Proposition 3.1. Let ϕ : Cn → Cn be a holomorphic mapping. If Cϕ is compact on F 2 , then Cϕ ∈ Sp for all 0 < p < ∞.
Proof. We only need to consider p small. So, let 0 < p  2. We have
tr
[(
CϕC
∗
ϕ
)p/2]=
∫
Cn
〈(
CϕC
∗
ϕ
)p/2 Kz
‖Kz‖ ,
Kz
‖Kz‖
〉
‖Kz‖2 dμ(z)
by the trace formula. Meanwhile, since 0 < p  2, we have by [24, Proposition 1.31]
〈(
CϕC
∗
ϕ
)p/2 Kz
‖Kz‖ ,
Kz
‖Kz‖
〉

〈(
CϕC
∗
ϕ
) Kz
‖Kz‖ ,
Kz
‖Kz‖
〉p/2
=
(‖C∗ϕKz‖
‖Kz‖
)p
=
(‖Kϕ(z)‖
‖Kz‖
)p
for all z ∈ Cn . Combining these observations, we obtain
tr
[(
CϕC
∗
ϕ
)p/2]
∫
Cn
(‖Kϕ(z)‖
‖Kz‖
)p
‖Kz‖2 dμ(z)
= 1
(2π)n
∫
Cn
e
p
4 (|ϕ(z)|2−|z|2) dV (z).
Now, assuming that Cϕ is compact on F 2, we see by Theorem 1.1(b) that the last integral in the displayed expressions above
is ﬁnite. Thus we conclude that Cϕ ∈ Sp for 0 < p  2 and hence for all 0 < p < ∞. The proof is complete. 
As an easy consequence, we obtain the following corollary.
Corollary 3.2. Let ϕ,ψ : Cn → Cn be holomorphic mappings and assume ϕ = ψ . Let 0 < p < ∞ and a,b ∈ C, both nonzero. Then the
following statements are equivalent:
(a) aCϕ + bCψ is compact on F 2;
(b) aCϕ + bCψ ∈ Sp ;
(c) Cϕ ∈ Sp and Cψ ∈ Sp .
Proof. The implications (c) ⇒ (b) ⇒ (a) are straightforward. Also, the implication (a) ⇒ (c) is an immediate consequence of
Theorem 1.2(b) and Proposition 3.1. 
We now close the paper with the following remarks.
(1) By Lemma 2.1 we have the lower estimate for the norm of difference of kernel functions:
‖Kz − Kw‖2  ρ2(z,w)
(‖Kz‖2 + ‖Kw‖2)
for all z,w ∈ Cn . Note that the left-hand side of the above vanishes when z = w . One may thus suspect that the above
inequality would be reversed (modulo some constant factor) for ρ(z,w) small, but it is not the case, as is shown be-
low.
If the reverse inequality were to hold, then there would be some constant C > 0 such that
‖Kz‖ − ‖Kw‖ Cρ(z,w)
(‖Kz‖ + ‖Kw‖)
for all z,w ∈ Cn with ‖Kz‖ ‖Kw‖. For |z| |w| this yields
1− e |w|
2−|z|2
4  2Cρ(z,w).
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)ζ and w = 2tζ where t,  > 0. The resulting inequality
is
1− e−(2t+2)  2C
√
1− e−2 .
Dividing by  the both sides of the above and then taking the limit  → 0, we have 2t  2C for all t > 0, which is certainly
impossible.
In fact one may prove that the right upper estimate is
‖Kz − Kw‖ Cρ(z,w) ×
{
(‖Kz‖ + ‖Kw‖) if |z| 1,
(|z|‖Kz‖ + |w|‖Kw‖) if |z| 1
for all z,w ∈ Cn with ρ(z,w) and ρ(z,w)(|z| + |w|) small.
(2) Let C(F 2) be the set of all bounded composition operators on F 2. It is not hard to see that Cϕ ∈ C(F 2) is unitary if
and only if ϕ is unitary on Cn . In fact, if CϕC∗ϕ is the identity operator, then Kz(w) = (CϕC∗ϕKz)(w) = Kϕ(z)(ϕ(w)) and thus
ϕ is unitary. The converse is clear.
Let Cϕ ∈ C(F 2) be unitary. Given an arbitrary Cψ ∈ C(F 2) with ϕ = ψ , we have limsup|z|→∞ ρ(ϕ(z),ψ(z)) = 1. Since
‖Kϕ(z)‖ = ‖Kz‖, it follows from Lemma 2.2
|||Cϕ − Cψ ||| 1
and if, in addition, Cψ is also unitary, then
|||Cϕ − Cψ |||
√
2.
In particular, we have an essential isolation theorem for unitary composition operators.
Theorem 3.3. Every unitary element in C(F 2) is isolated in the essential norm topology.
In case n = 1 note that noncompact bounded composition operators are all rotations by Theorem 1.1. So, the one-variable
version of Theorem 3.3 can be restated as: Every element in C(F 2(C)) is isolated in the essential norm topology.
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